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The quantization of gravitational waves in the Milne universe is discussed. The relation be-
tween positive frequency functions of the gravitational waves in the Milne universe and those in
the Minkowski universe is claried. Implications to the one-bubble open ination scenario are also
discussed.
I. INTRODUCTION
Recently, a scenario which realizes an open universe (

0
< 1) in the context of inationary cosmology has been
discussed by many authors [1{6]. In this scenario, the atness, homogeneity and isotropy of the universe are achieved
by the accelerated expansion of the universe in the false vacuum. After a suciently long lapse of false vacuum
ination, the false vacuum decays into the true vacuum through quantum tunneling. This process is known as the
nucleation of a vacuum bubble, which is described by the bounce solution with O(4)-symmetry. The bounce solution
is a non-trivial solution of the eld equation in Euclidean spacetime [7,8]. The symmetry of this bubble implies the
homogeneity and isotropy of the hyperbolic time-slicing inside the nucleated bubble. Thus the bubble interior becomes
an open Friedmann-Robertson-Walker universe. At this stage the universe is almost empty. So in this model, the
second ination is required for entropy production.
In this context, several models of inaton potential have been proposed [2,4{6]. Now our concern is if these
models are compatible with the observed anisotropies of cosmic microwave background (CMB) on large angular
scales. In several recent papers [9{17], quantum uctuations of the inaton eld which generates the initial curvature
perturbations have been evaluated and the resulting spectrum of CMB anisotropies has been calculated. But in the
above studies, the eects of gravity have not been fully taken into account.
There are two eects which have not been considered yet. One is the coupling between perturbations of the
inaton eld and those of the metric, which may alter the spectrum of the temperature uctuations drastically. The
appearance of supercurvature modes [11,18] played a very important role in the above studies. Almost all model
constraints come from the contribution of this mode. But a preliminary analysis suggests that the supercurvature
mode may be sensitively aected by the eect of gravity (although the result in [12] will not be changed).
The other is the contribution of gravitational wave perturbations to the CMB anisotropy, which is not taken
into account at all in the previous analyses. Unfortunately, our present understanding of the gravitational wave
perturbation in an open inationary universe is very poor. As has been known, a constant time hypersurface in an
open inationary universe is not a Cauchy surface of the whole spacetime [11]. Thus we cannot set a commutation
relation on this hypersurface when we consider quantization of a eld in the open universe. This diculty has been
solved in the case of a scalar eld [11,12], but a method to handle the gravitational wave perturbation is still unclear
because of the existence of gauge degrees of freedom.
In this paper, as a simple example to understand the latter eect, we consider quantization of gravitational waves
on Minkowski spacetime in the context of the Milne universe. The time coordinate of the Milne universe gives the
hyperbolic time-slicing of Minkowski spacetime. Despite the simplicity of this model, it turns out the model contains






This paper is organized as follows. In section 2 we remind the readers of the quantization scheme of a massless scalar
eld in the Milne universe. A method to determine the positive frequency functions in the Milne universe that describe
the Minkowski vacuum state is explained. In section 3, by using analogy of the scalar case, we quantize gravitational
waves in the Minkowski and Milne universes and present a candidate for the positive frequency functions in the Milne
universe that describes the Minkowski vacuum state. To determine the normalization of the Milne mode functions, in
Appendix, we perform canonical quantization of the gravitational wave perturbation in the Rindler universe, which
is the analytic continuation of the Milne universe to the region containing a Cauchy surface. Then in section 4, we
show that the Milne mode functions and the Minkowski mode functions obtained in section 3 are in fact equivalent,
by explicitly constructing a unitary transformation formula between the two. In section 5, using the results of section
3, we evaluate the temperature anisotropy caused by gravitational wave perturbations and show that it is infrared
divergent in the Milne universe [19] while it is infrared nite in the Minkowski universe, though their vacuum states
are equivalent. We then argue that the origin of the divergence is the unphysical setting of the problem we consider.
Section 6 summarizes our results.
In this paper, we use the units, c = h = 32G = 1.
II. MASSLESS SCALAR FIELD IN THE MILNE UNIVERSE
In order to help our understanding of the problem, we consider the quantization of a massless scalar eld in the
Milne universe in this section. This was discussed by diSessa [20], but we take a dierent approach here.
















where g is the determinant of the metric tensor g

. The equation of motion for the Heisenberg operator is
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by using mode functions u





(x) = 0; (2.4)







































are its unit normal and the determinant of the induced three
metric on , respectively. The overbar  and the dagger
y




are to be recognized as the Kronecker delta for discrete labels and as the Dirac delta




























] = 0: (2.6)





j0i = 0: (2.7)




























ξ  = const.
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FIG. 1. Conformal diagrams of the Minkowski spacetime. The Milne coordinates and the Minkowski coordinates are shown
in (a) and (b), respectively.






























These two coordinates are related by
t =  cosh; r =  sinh: (2.11)
The Milne coordinates do not cover the whole region of Minkowski spacetime but only the interior of the future-
directed light cone emanating from the origin t = r = 0. This feature is displayed in Fig.1 by using a conformal
diagram. If one tries to quantize a eld in the Milne universe, one nds the =constant hypersurface is of no use for
setting canonical commutation relations because it is not a Cauchy surface of the whole spacetime. So the extension
of the Milne coordinates over the light cone to the uncovered region must be considered. The region covered by a
natural extension of the Milne coordinates is known as the (spherical) Rindler universe. The Rindler coordinates are































To determine which sign of this extension one should take, we proceed as follows. When one approaches the light
cone t = r for a xed r, t = r coth! r(1+ 2e
 2
) as ! +1. Requiring the analyticity on the lower half complex
t-plane, which is the nature of positive frequency functions of the Minkowski vacuum state, we must go round the
point t = r clockwise in the complex t-plane. Hence we choose the upper sign.

































) being the spherical harmonics on the unit 2-sphere and j
`
(x) the `th order spherical Bessel function. We




. Here we emphasize that k is positive.
To nd positive frequency functions for the Minkowski vacuum written in terms of the Milne coordinates, we rst























































The phase factor i
`+1
is inserted in the expression for P
p`

































Note that when P
p`
is analytically continued to the Rindler universe by Eq. (2.12) with the upper sign, it plays the
role of a positive frequency function. In the Milne universe P
p`
is a real function except for the overall phase but, in































() = 0: (2.21)




















In fact, the Klein-Gordon inner product is evaluated on a 
R






























































Here we stress again that the analytic continuation is performed by using the relation (2.12) with the upper sign.





(x) in the Rindler universe. This is because the lower sign in Eq. (2.12) should be used if the complex conjugate
of u
p`m
is analytically continued to the Rindler universe. Thus there are two independent modes labeled by p for
each value of p
2
.
The equivalence of the two representations of positive frequency functions for the Minkowski vacuum (2.14) and
















































< arg <  ; Re > jImj : (2.24)
4
Identifying  with r and  with it and assuming the existence of a small imaginary part in t as t   i, the above










































It is instructive to calculate the following quantity similar to the Klein-Gordon inner product on the =constant









































Since the hypersurface is not a Cauchy surface, it gives a normalization dierent from the correct Klein-Gordon inner





III. QUANTIZATION OF GRAVITATIONAL WAVES IN MINKOWSKI AND MILNE UNIVERSES
In this section, we quantize gravitational waves in the Minkowski and Milne universes. We choose the vacuum state
to be the Euclidean vacuum, i.e., the state having the property that the positive frequency functions are analytic
on the lower-half complex t-plane. This prescription gives the usual Minkowski vacuum for the Minkowski universe
for gravitational waves as well. We expect the same is true for the Milne universe. The equivalence of thus chosen
vacuum for the Milne universe with the Minkowski vacuum will be explicitly shown in the next section.









































where h = h

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A. The case of the Minkowski universe
First we consider quantization of gravitational waves in the Minkowski universe expressed in terms of the coordinates








where semicolon is the covariant derivative with respect to the background metric. As these conditions do not x the










































are even and odd parity tensor harmonics, respectively. We then reduce the action to




. In what follows, we consider even and odd parities separately. For
notational simplicity, in the following discussion the indices k, `, m will be abbreviated unless it causes any confusion.
5
1. even parity













































is the metric induced on the t, r=constant 2-sphere, ^
AB
is the metric on the unit 2-sphere and







. The double vertical
bar jj denotes the covariant derivative with respect to 
AB
. Thus unless otherwise noted, we raise or lower the capital
Latin indices not by ^
AB
but by the metric 
AB
. The radial parts of the harmonics T
k`
i




































































































































	 = 0: (3.8)





































































































(t) = 0; (3.13)
6








(t) is dened in Eq. (2.15).


























































is a normalization factor to be determined






























as a quantum counterpart of Eq. (3.12). From Eq. (3.11), the canonical commutation relations to be imposed on the
corresponding quantum operators are
2k
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Substituting (3.16) into the commutation relations (3.19) and using (2.6) we obtain the condition
2k
4













































(`  1)`(`+ 1)(`+ 2)
2
: (3.22)

























































































































being the unit anti-symmetric tensor on the unit 2-sphere (^
'


















































































































Thus the rest of the arguments goes exactly the same as in the case of even parity if one replaces the sux (e) with










B. The case of the Milne universe
We now turn to the quantization of gravitational waves in the Milne universe. Similar to the case of the Minkowski
universe, one would expand h

in terms of the tensor harmonics on the hyperbolic (open) 3-space to reduce the action.
However, this would not give the correct normalization of the mode functions since the =constant hypersurface is
not a Cauchy surface. Nevertheless, except for the normalization, the mode functions can be constructed by solving
the classical eld equation. Hence we leave aside the problem of the normalization for a moment and rst solve for
the mode functions expressed in terms of the tensor harmonics.







= 0 : (3.33)




= 0 : (3.34)






As is usually done in the cosmological perturbation theory, we can construct the mode functions by using the






), on the =constant hyperbolic 3-space. The





























































are the positive frequency functions for even and odd parity modes, respectively, for which
we are going to solve below. As before, we consider the even and odd parity cases separately.
1. even parity
The even parity tensor harmonics G
(e)p`m





















































































































































As before the indices p, ` and m on G






































() = 0: (3.41)




















is a normalization constant, which is to be determined.
Now we must determine the normalization constant. To do so, in the scalar case, we analytically continued the
mode functions to the Rindler universe and evaluated the Klein-Gordon norm. However, since T
p`
i
(i = 1; 2; 3; 4),
which would play the role of the positive frequency functions there in the present case, involve the derivatives of P
with respect to , one cannot single out the positive frequency functions in the Rindler universe from the present
form of the mode functions. Thus one must construct a reduced action in the Rindler universe from the beginning
and canonically quantize the dynamical degree of freedom there. Namely, one rst expands h

in terms of spherical





. Then imposing a gauge condition and solving constraint equations, one reduces the action to the one written















the reduced action in terms of w
p`m
only. Canonical quantization of this variable and comparison of it with the
mode functions given by Eq. (3.42) then determines the normalization factor. Since this is a complicated and tedious







(`  1)`(`+ 1)(`+ 2)
2
: (3.43)


































































which is analogous to Eq. (2.23). Although we do not know any proof, the above relation, together with the same
relation in the Minkowski case (3.23), suggests that a covariant extension of this relation may hold in a general
background spacetime and may be regarded as a dening relation for the norm. Furthermore the relation analogous




































































exactly coincides with that in the scalar case.
2. odd parity
We proceed in the same way as in the case of even parity. The odd parity tensor harmonics G
(o)














































































() = 0; (3.49)


























IV. EQUIVALENCE OF THE MILNE AND MINKOWSKI MODE FUNCTIONS
In this section we derive a transformation formula between the gravitational wave mode functions in the Milne and
Minkowski coordinates, to show the equivalence of the Milne and Minkowski mode functions. In other words, the
Euclidean vacuum chosen for the Milne universe indeed turns out to be the conventional Minkowski vacuum.






are normalized appropriately, the new mode functions



























must be also suitably orthonormalized. In the following discussion, we show that these expressions coincide with the






, respectively, up to gauge. We consider even and odd parities separately.
A. even parity




















































and replaced the 1=k
2
factor by the double t-integration.
Then the components of H
(e)p`m























































































































































for a xed r. Therefore we obtain
11
















































































































were used in the second and third equalities, respectively. Here we mention that a derivative with respect to r in the















(1 + ip) sinh
2




The newly dened mode functions H
(e)p`m

also satisfy the traceless Lorentz gauge condition (3.3), but as mentioned
before it does not x the gauge completely. In fact, H
(e)p`m

satisfy the Minkowski synchronous gauge condition (3.4)






, a gauge transformation























































































































  (p  i) sinh cosh

AY; (4.18)





































(1 + ip) sinh
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(1 + ip) sinh
2







where once again an integration constant was set to zero.






































































































































Then the components of H
(o)p`m


























Transforming the t-integration to a -integration as before, B is evaluated as













































(ip+ `)(ip  `  1)
[sinh@

  (ip  1) cosh]P
p`
(): (4.25)














The components of H
(o)p`m

in the Milne coordinates are given by the same formula as given in the case of even parity,
Eq. (4.4).






































































V. SACHS-WOLFE EFFECT IN THE MILNE AND MINKOWSKI UNIVERSES
In this section we evaluate the temperature anisotropy in the Milne and Minkowski universes due to the so-
called Sachs-Wolfe eect of gravitational wave perturbations [23]. We consider the case when gravitational wave
perturbations are in the Minkowski vacuum state. Since the background spacetime is empty, there is nothing that
physically determines the last scattering surface. Hence we need to specify it by hand. Here we assume that the last
scattering surface is at  = 
ls
in the case of the Milne universe and at t = t
ls
in the case of the Minkowski universe,
and that there is no intrinsic temperature uctuations when photons are emitted from this surface. This choice of the
last scattering surface is not gauge invariant. Thus to make the problem denite the gauge must be xed.
First we consider the case of the Milne universe. We take the synchronous gauge with respect to the Milne
coordinates. That is, we set the gauge condition h

= 0. Since this is the gauge we adopted for describing the
gravitational wave modes in the Milne universe, we are ready to calculate the Sachs-Wolfe eect now.
























where  = e
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Then taking the position of an observer at  = 0,  = 
obs
, the temperature uctuation caused by the Sachs-Wolfe



































is the only component that causes the Sachs-Wolfe eect, only the even parity modes contribute



















































































































Near p = 0, the integrand behaves as  1=p
2
, and so the p-integration in (5.6) is infrared divergent.
z
Second, we consider the case of the Minkowski universe. Choosing the synchronous gauge h
t
= 0, the temperature
























   ; r() =  : (5.8)





, we nd that ha
2
`








































Dierent from Eq. (5.6), this k-integration does not diverge around k = 0.
x
Thus we have a seemingly paradoxical result. The rms value of the temperature anisotropy diverges when calculated
in the Milne coordinates while it converges when calculated in the Minkowski coordinates. Since we have already
shown the equivalence of the Milne mode functions and the Minkowski mode functions, the only possible origin of
this dierence is the dierence in the denition of the last scattering surfaces in the two models. Let us therefore
investigate it in detail.
For this purpose, we reconsider the meaning of the Sachs-Wolfe formula. We begin with the perturbed geodesic




































































= ( 1; 1; 0; 0); (5.13)
Then the geodesic equation is expanded as
z
This divergence was rst pointed out by B. Allen and R. Caldwell [19].
x
This expression is found to be ultraviolet divergent after the -integrations [19]. However it should be distinguished from the
infrared divergence in Eq. (5.6) because the present ultraviolet divergence can be removed by introducing a small cuto at the











































































































Hence T=T is not invariant under a gauge transformation. This is not a surprise since this change is due to a shift of
the denition of the last scattering surface. Before the gauge transformation the last scattering surface is at  = 
ls





Now it is easy to see that the origin of the divergence is this change of the last scattering surface. Observing
Eq. (4.9), A is nite at p ! 0. Hence so is H
(e)p`m

. So if k

(1)




Eq. (4.3) into the formula (5.15), there will be no infrared divergence. This situation corresponds to the case when
the last scattering surface is dened in the Minkowski synchronous gauge.









It was seen in Eq. (5.6) that if H
(e)p`m

is substituted into (5.15), the expression becomes infrared divergent. As
explained above, the dierence between these two is just caused by the dierence in the denition of the last scattering
surface, whose eect on T=T is given by (5.17). It is easy to understand this contribution causes the infrared









We suspect a similar divergence to occur in the de Sitter universe if the open chart is used to evaluate the temperature
anisotropy [19]. Then, does this divergence sign a crisis of theoretical framework? We claim that it is not the case
but the divergence is solely due to the unphysical situation we have considered here. In the present model, the last
scattering surface is dened by hand. So it does not have gauge invariant meaning. To make the problem physically
gauge invariant, we need to include in the model some scalar quantity which determines the time slice of constant
temperature in the universe. Then such a quantity will be inevitably coupled with gravity and background spacetime
will be no longer Minkowskian (nor purely de Sitter). Hence the vacuum will be no longer highly symmetric as the
Minkowski vacuum. Namely, if the time slicing denes a homogeneous and isotropic open universe, the symmetry of
the vacuum will be O(3; 1) but not as symmetric as the Minkowski (or de Sitter) vacuum. We expect this `symmetry
breaking' will altar the power spectrum of gravitational waves and remove the divergence. In particular, in a realistic
model of the open inationary universe, we expect the rms value of the temperature anisotropy to be nite.
VI. SUMMARY
In this paper, we considered the quantized gravitational waves in the Milne universe. We rst constructed positive
frequency functions of gravitational wave perturbations corresponding to the Minkowski vacuum state by means of the
coordinates of the Milne universe. We used the analyticity of mode functions in the lower half of complex t-plane as a
guiding principle to determine the positive frequency functions. In this process, we had to x the normalization of the
mode functions, which are to be determined by setting the appropriate commutation relations on a Cauchy surface.
The Milne universe does not contain a Cauchy surface but its extension, i.e., the Rindler universe, does. Following
the standard reduction scheme for the constrained system, we wrote down the reduced action for the physical degrees
of freedom in the Rindler universe. Using this expression, quantization was performed and the normalization of the
modes were determined.
Next, we examined the equivalence of the positive frequency functions of gravitational wave perturbations written
in terms of the Minkowski coordinates and those in terms of the Milne coordinates. It was shown explicitly that they
are related with each other by a unitary transformation and a succeeding gauge transformation.
Finally, we discussed the Sachs-Wolfe eect in the Milne universe. The contribution to temperature uctuations
in the Minkowski universe from low frequency modes does not have any bad behavior. However, a naive application
of the Sachs-Wolfe formula to the Milne universe results in infrared divergent temperature uctuations although the
state is set in the Minkowski vacuum one. We claried the origin of this divergence. In the Sachs-Wolfe formula for
gravitational wave perturbations, the last scattering surface is chosen to be the time constant surface because the
intrinsic uctuations of the last scattering surface are to be attributed to scalar perturbations. However, this choice
16
of the last scattering surface is not invariant under a gauge transformation if scalar perturbations are neglected. So
the gauge transformation that was necessary to relate the mode functions in the Minkowski universe and in the Milne
universe is the origin of this divergence.
We expect, however, that this divergence will be removed in a realistic model of an open inationary universe.
Further discussion on this issue will be given in a separate paper.
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APPENDIX A: CANONICAL QUANTIZATION OF GRAVITATIONAL WAVES IN THE RINDLER
UNIVERSE
Here, we discuss the quantization of gravitational waves in the Rindler universe following the standard method to





is omitted for notational simplicity because the Milne coordinates will not be used.





















































































































































































































































































































































































. Below we expand the metric perturbation in
terms of the spherical harmonics and consider the even and odd parity modes separately.
1. even parity

































































































; w; v. To keep the simplicity of
notation, we often abbreviate the indices, (e); ` and m, unless there arises confusion.
















































































(`(`+ 1)  2)(`(`+ 1)  6)
4`(`+ 1)
: (A9)













































































































































































Then it is straightforward to calculate the Lagrangian for the even parity modes by substituting (A7) into (A1). By
using the formulas (A9) the 



















































































]w   2 (`(`+ 1)  2) v w
#
: (A12)




































are not contained in the dening


















































































w   `(`+ 1)H
n
































































































































































in accordance with h
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respectively. Before going further to examine the consistency conditions for the gauge conditions, we consider the















































































K   1) +





























































































K   4) +


















= 0, are remaining. These
conditions are found to be satised by using the relations which we have already obtained and so they do not give
any new condition. Thus we found the system of the primary and the secondary constraints closes.












































































































































































































Of course, Eqs. (A26) and (A28) are consistent with the mode functions obtained in Section 3.





















































































Then we can see easily that w and  can be expanded by using the eigen function of the operator
^
K. The normalized






















































































































Now we consider the quantization. We expand the operator w^
(e)











































































































































































corresponding to the reality condition (A34).






























































Substituting (A40) into the above relations, we nally obtain the result given in Eq. (3.43).
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2. odd parity























is the unit antisymmetric tensor on the unit 2-sphere with the metric ^
AB






































































































































=  `(`+ 1) (`(`+ 1)  2) : (A45)




















































































































































































































































































































































































































where we used the fact that the odd parity modes are traceless by construction.
Then by using the formulas (A45), the 
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The dening equation of the conjugate momentum of H
n











































w   2 H
n
) : (A53)

























by . The canonical equations of motion are given by Eq. (A17).








= 0, which becomes
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follows. The second level consistency condition for the gauge condition, @

D = 0, reduces to








Now the second level consistency condition for the constraint equation, @
2

C = 0, is remaining. Again this condition
is found to be satised by using the relations which we have already obtained. Thus we nd that the system of the




























































































Of course, Eqs. (A59) and (A61) are consistent with the mode functions obtained in Section 3.






























































































































Comparison of the H
(e)p`m
A













Then, repeating the same procedure taken below Eq. (A37), we obtain the result given in Eq.(3.51).
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